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GENERIC SECTIONS OF ESSENTIALLY ISOLATED 
DETERMINANTAL SINGULARITIES 


JEAN-PAUL BRASSELET, NANCY CHACHAPOYAS AND MARIA A. S. 

RUAS 

Abstract. We study the essentially isolated determinantal singu¬ 
larities (EIDS), defined by W. Ebeling and S. Gusein-Zade j^, as 
a generalization of isolated singularity. We prove in dimension 3 a 
minimality theorem for the Milnor number of a generic hyperplane 
section of an EIDS, generalizing previous results by J. Snoussi in 
dimension 2. We define strongly generic hyperplane sections of an 
EIDS and show that they are still EIDS. Using strongly general 
hyperplanes, we extend a result of Le D. T. concerning constancy 
of the Milnor number. 


1. Introduction 

In this work, we study the essentially isolated determinantal sin¬ 
gularities (EIDS), which have been dehned by W. Ebeling and S. M. 
Gusein-Zade in j^. This type of singularities is a natural generalization 
of isolated ones. A generic determinantal variety „ is the subset of 
the space of m x n matrices, given by the matrices of rank less than 
t, where t ^ min{m,n}. A variety X C is determinantal if X 
is the pre-image of by a holomorphic function F : —)■ Mm,n 

with the condition that the codimension of X in C'^ is the same as the 
CO dimension of „ in Mm,n- 

Determinantal varieties have isolated singularities ifA^(m — t-|- 
2){n — t + 2) and they admit smoothing if A < {m — t + 2){n — t + 2). 
Several recent works investigate determinantal varieties with isolated 
singularities. The Milnor number of a determinantal surface was de¬ 
hned in laEiE] while the vanishing Euler characteristic of a deter¬ 
minantal variety was dehned in mm- Other recent results on isolated 
determinantal varieties related to this paper appear in particular in 
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In this work we study the set of limits of tangent hyperplanes to 
determinantal varieties. For determinantal surfaces in and 3-fold 
singularities in C®, we characterize these hyperplanes by the fact that 
the Milnor number of their sections with the surface in the hrst case 
or the 3-dimensional determinantal variety in the second case, is not 
minimum. The hrst case follows as a consequence of results of J. Snoussi 
in |16) . 

We also prove that given a d- dimensional BIDS X, given H and 
H' strongly general hyperplanes to X (Dehnition |4.2[ ), there are d — 2 
linear planes P <Z H and P' C H' contained in H and if', such that 
the Milnor number of the surfaces X r\ P and X (1 P' are equal. In 
the case that the generic section is a curve the result has been already 
proved by Le D. T. in |T0] . 

2. Essentially isolated determinantal singularity 

In this section we give the dehnition and basic results on essentially 
isolated determinant singularities, following [8]. 

We denote by the set of matrices m x n with complex entries. 

Definition 2.1. For alH, 1 ^ f ^ mm{m,n}, let be the subset 
of Mm,,n whose elements are matrices of rank less than t\ 

= {^ e Mra,n\ rank(A) < t}. 

This set is a singular variety of codimension {m — t + l){n — t + 1) in 
Mm,n, called generic determinantal variety. 

The singular set of is The partition of dehned by 

is a Whitney stratihcation jl]. 

Let F : —)■ Mm,n be a map dehned by F{x) = {fij{x)), whose 

entries are complex analytic functions dehned on an open domain U C 
C^. 

Definition 2.2. The analytic variety X = F~^{M^^) is called de¬ 
terminantal variety of type {m,n,t), if codimX = codim = 

{m — t + l){n — t + 1). 

A generic map F intersects transversally the strata of 

the variety 

Definition 2.3. A point x E X = is called essentially 

nonsingular if at this point the map F is transversal to the corres¬ 
ponding stratum of the variety (that is, to where 

i = rankF(a:) 4- 1 ). 
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Definition 2.4. A germ (X, 0) C (C^, 0) of a determinantal variety 
of type (m, n, t) has an essentially isolated singular point at the origin 
(or is an essentially isolated determinantal singularity, EIDS) if it has 
only essentially nonsingular points in a punctured neighborhood of the 
origin in X. 

An EIDS X C has isolated singularity if and only if X ^ {m — t + 
2){n — t + 2). An EIDS with isolated singularity will be called isolated 
determinantal singularity, denoted by IDS. 

We want to consider deformations of an EIDS that are themselves 
determinantal varieties of the same type. 

Definition 2.5. An essential smoothing Xg of the EIDS (X, 0) is a 
subvariety lying in a neighborhood U of the origin in C'^ and defined 
by Xg = where F : U x C ^ Mm,n is a perturbation 

of the germ F, with Fg{x) = F{x,s), Fq{x) = F{x) and such that 
Fg : U ^ Mm,n is transversal to all strata 

An essential smoothing is in general not smooth (when N>{m — 
t + 2){n — t + 2)) as we see in the following theorem. 

Theorem 2.1. [18] Let (X, 0) C (C'^, 0) be the germ of a determinantal 
variety with isolated singularity at the origin. Then, X has a smoothing 
if and only if N < (m — t + 2){n — t + 2). 

The singular set of the essential smoothing X* is F~^{M^f). Since 
F is transversal to the strata of the Whitney stratification the 

partition X^ = Ui<i< 4 F“^(M^ is a Whitney stratification of 

X,. 


Example 1. Let X = F ^(Mlg), where 


F: ^ Ms,3 

z y + w X 
w X y 


(x,y,z,w) I-)- 


The following matrix defines an essential smoothing X^ = 
of X 


F : 


X C ^ 
{x,y,z,w,s) ^ 


^ 2,3 

f z y + w 
\ w X 


X + s \ 

y ) 




In this case the essential smoothing X,, is a smoothing. 
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3. Le-Greuel formula type for ids with smoothing 

We review in this section some results about isolated singularities 
admitting smoothing following pg. 

Let {X, 0) C (C^, 0) be the germ of a d-dimensional variety with 
isolated singularity at the origin. Suppose that X has a smoothing. 
Then, there exists a flat family 7 r:Xcl7 xC—?-C such that the fiber 
Xg = vr“^(s) is smooth for all s 7 ^ 0 and Xq = X. 

Let p : {X, 0) —)■ C be a complex analytic function defined in X with 
isolated singularity at the origin. Let us consider a function 

p : X C ^ C 

(a:,s) ^ p{x,s), 

such that p(x, 0) = p{x) and for all s 7 ^ 0, p{-,s) = is a Morse 
function on Xg. 

Thus we have the following diagram 


X C 


Ps 

'' 


(Tf.fO 


C X {s}c- -C X C 


Proposition 3.1. [T^ Proposition 4.1] Let X be a d-dimensional va¬ 
riety with isolated singularity at the origin admitting smoothing and 
Pg : Xg ^ C, pg = p(-, s) as above. Then, 

(a) //s 7 ^ 0, Xs ~ Ps—l(0)LJ{ce//s of dimension d }, 

(b) x(Xs) = a(p 7H0)) + (-l)'^no, 

where Uq is the number of critical points of pg and xi^s) denotes the 
Euler characteristic of Xg. 


The invariant uq is related to the polar multiplicity of X, md{X) 
(iia, see also 0 ), in the following way: 

Definition 3.1. (The d-Polar multiplicity) Let X, X, p and p as above. 
Let Pd{X, 71 , p) = be the relative polar variety of X related 

to 71 and p. We define md{X, 71, p) = mo{Pd{X, 7 i,p)). 


In general md{X, 77 , p) depends on the choices of X and p. When the 
variety X has a unique smoothing X, then md{X,7i,p) depends only 
on X and p. If p is a generic linear embedding, md{X,p) is an invariant 
of the BIDS X, denoted by md{X). 


Proposition 3.2. 

md{X). 


Under the conditions of Proposition 3.1 


no = 
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Theorem 3.3. |7] Let Xg be a smoothing of a normal isolated singu¬ 
larity, then bi{Xs) = 0. 

Let X be a determinantal variety of type (m, n, t) in with N < 
(m — t + 2)(n — t + 2). Then X has isolated singularity and admits 
smoothing. 

Definition 3.2. [15] Let X be a determinantal surface in C^, with 
isolated singularity at the origin. The Milnor number of X, denoted 
by /i(X), is dehned as the second Betti number of the generic hber Xg, 

/i(X) = b2{Xg). 

The following result appears in [2l[T3l[l5|, for determinantal surfaces 
X C C^, but it also holds for any determinantal surface with isolated 
singularity in C'^ admitting smoothing. 

Proposition 3.4. Let (X, 0) C (C^,0) be the germ of a determinantal 
surface in with isolated singularity at the origin admitting smooth¬ 
ing. Let p : (C^, 0) —?• (C, 0) be a linear function whose restriction to 
X has an isolated singularity at the origin. Then one has the Le-Greuel 
formula 

(1) p(X)+/i(Xnp-i(0)) =m2(X). 

When d = dimX > 2, the Betti numbers 6i(X), 2 ^ i < d are not 
necessarily zero (see |3])- In [21 US] the authors dehne the vanishing 
Euler characteristic of varieties admitting smoothing. 

Definition 3.3. [13] Let (X, 0) C (C^,0) be an IDS such that N < 
(m — t + 2)(n — t + 2). The vanishing Euler characteristic is dehned by 

u{x) = i-inxiXs) - 1 ), 

where X^ is a smoothing of X and x{Xs) is the Euler characteristic of 
X, . 

Theorem 3.5. [13] Let (X, 0) C (C^,0) be an IDS such that N < 
(m — f + 2) (n — f + 2) and let p : (C^, 0) —>■ (C, 0) be a linear projection 
whose restriction to X has isolated singularity at the origin. Then, 

( 2 ) n{X) + n{Xnp-\Q))=md{X) 


Remark. When d = 2, then z/(X) = p(X). 

Example 2. [H] Let X = C be the variety dehned by: 


F ■. ^ 

{x,y,z,w) ^ 
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The following matrix defines an essential smoothing Xg = 
of X 

F : X C ^ M 2 ,3 


{x,y,z,w,s) ^ 


z y + w 

W X 


X + s 

y 


Fs\My 


Consider p : C*^ —)■ C given by p(a;, y, x, w) = w, then it follows that 
m 2 {X) = 3 and y{X np“^(0)) = 2, then y{X) = 1. 


4. General and strongly general hyperplanes 

The main goal of this section is to define general and strongly gen¬ 
eral hyperplanes over an BIDS in order to extend previous results by J. 
Snoussi and Le D. T. in the following sections. The two definitions are 
equivalent when the variety has an isolated singularity. The sections 
defined by the intersection of the IDS (respectively BIDS) and the gen¬ 
eral hyperplane (respectively strongly general hyperplane) determine 
another IDS (respectively BIDS). 

Definition 4.1. The hyperplane H C C^, given by the kernel of the 
linear function p : —)■ C is called general to X at 0 if M is transversal 

to all limits T of tangent spaces to the regular part of X. 

Proposition 4.1. jTB] A hyperplane H is limit of tangent hyperplanes 
to X at 0, if only if H is not a general hyperplane. 

Example 3. Let X be the swallowtail surface, given in Bigure[^ X is 
the surface in defined by the zeros of 

256z^ - 27a;^ - l2Sz‘^y‘^ + UAzx^y + IQzy^ - Ax‘^y^ = 0. 

The set of the limits of tangent hyperplanes to X at zero is given by 
the hyperplane z = 0 (see for example |12|). 

Any hyperplane different of the hyperplane z = 0 is general, in par¬ 
ticular the plane H = {{x,y,z) : x = 0} is general, but H is not 
transversal to the limits of lines tangent to the strata of dimension 1. 

This example motivates the following definition; 

Definition 4.2. Let X C be a d- dimensional analytic complex 
variety, and let {VaIasa be a stratification of X. The hyperplane H C 
C'^ is called strongly general at the origin if it is general and there 
exists a neighborhood t/ of 0 such that for all strata Va of X, with 
0 G Da, we have that H is transverse V\ at x, for all x G 

Theorem 4.2. Let (X, 0) C (C^,0) be an BIDS of type {n,m,t). If 
H C is a strongly general hyperplane at the origin, then X H is 
a {d — 1)-dimensional BIDS in of the same type. 
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Out[66]s 



Figure 1. Swallowtail surface 

Proof: Let F : —)■ Mm,n be a function defining X = 

As X is an BIDS, then F is transversal to the strata of ^ in f/\{0}, 
where U is a sufficiently small neighborhood of the origin. By hy¬ 
pothesis H is transversal to the strata of X outside the origin. Let 
i : —>■ C'^ be a linear embedding such = H. Then 

F o i : —)• Mm,n is transversal to all the strata of outside 

the origin, so XfliL = {F C is an BIDS of the same 

type of X and dim(X fl iL) = d — 1 in ■ 

5. Minimality of the Milnor number 

The minimality of the Milnor number of generic sections of hyper¬ 
surfaces with isolated singularities was studied by B. Teissier m and 
J.-P. Henry and Le D. T. j9]. T. Gaffney [5] proved the result for ICIS 
and J. Snoussi considered the case of normal surfaces in C^. 

In the following we denote by |Z| the reduction of the variety Z and 
by Cx,x the tangent cone to X at a; (see [T6]L 

Proposition 5.1. [161 Theorem 4.2] Let X C be the germ of a 
normal analytic surface. A hyperplane H in that does not contain 
any irreductible component of the tangent cone |Gx,o| 'Is general to X 
at 0 if and only if the section Xr\H is reduced and the Milnor number 
fi{X n H) is minimum. 

Proposition 5.2. nm Let X C be a complex analytic variety of 
dimension d and let L be an affine subspace ofC^ of codimension equal 
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to the dimension of Cx,x in such that L P\Cx,x = Consider 

the projection vr : —?• such that kervr = L. Consider Al the 

discriminant of n restricted to X. Let Hq be a hyperplane of which 
is not a limit of tangent hyperplanes to the discriminant Al. Then, 
the hyperplane H given by the inverse image H = is not limit 

of tangent hyperplanes to X. 

Proposition 5.3. m Corollary 2.3.2.1] Let X C be a reduced an¬ 
alytic variety, c an integer and E be a vector space in of codimen¬ 
sion c given by the intersection of c hyperplanes Hi,H 2 ,... ,Hc such 
that each Hi is not tangent to |X fl fl 7^2 C ■ ■ ■ fl Hi_i \, for 1 ^ i ^ c. 
Then the multiplicity at x of the polar variety Pk{\X (1 E\) is egual to 
the multiplicity at x of the polar varieties Pk{X) for O^k^d — c — 1. 

We extend Proposition |5.1| to 3-deterniinantal varieties with isolated 
singularities. 

Theorem 5.4. Let (X, 0) C (C^, 0) be the germ of a 3- dimensional 
determinantal variety with isolated singularity and H a hyperplane in 
. Suppose that X Ci H has an isolated singular point at the origin, 
then the following conditions are eguivalent. 

(i) H is general to X at 0. 

(ii) /i(X n H) is minimum and p,{X fl W fl H') is minimum for all 
H' general to X and to X fl if. 


Proof: Suppose that p : —)■ C is general to X at the origin, 

H = p“^(0). Then X fl ii is a determinantal surface with isolated 
singularity at the origin. Then there exists a Zariski open set C 
such that V ii' G fi, with H' = kerp', p' : —)■ C a linear map, we 

have that: 


(1) p is general to X at the origin and p is general to X fl ii' at the 
origin. 

(2) /i(X n ii') is minimum. 


Applying LA Crenel type formula ([^ of Proposition 3.4 for the surfaces 
X n ii and X fl ii', we have: 


(3) /i(xnii) + p(xniinii') = m2(xnii) 

(4) /i(xnii') + p(xniinii') = m2(xnii') 


As H and ii' are general to X at 0, it follows by Proposition 5^ that 
m 2 (X n ii) = m 2 (X fl ii') = m 2 (X). Then, equations ([^ and (|^ 
imply that fi{X fl H) = fi{X fl ii'), that is fi{X fl H) is minimum. 
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Let H' and H” be general hyperplanes to X at the origin, defined by 
the kernels of p' and p", such that ^{X fl iL' fl H”) is minimum. Then, 
the following Le- Greuel type formulas holds for X r\H and X HH'. 

(5) ^i{X n H) + ^i{X n H r} H') = m2{X n H) = m2{X) 

(6) ^i{X n H') + ^Ji{x n H'n H”) = m2{X n H') = m2{X) 

As ^^{x nH) = I 2 {X n H') it follows that p(x n H r} H') = p(x n 
H'nH”). 

Conversely, let vr = (p, p^p^0 the map C'^ —>■ C^, with H = kerp, 
H' = kerp' and H” = kerp", such that ker vrnGxp = {0} and ttiq^X) = 
deg 'k\x- Consider tt' : —>■ such that vr' o Ti\xnH = 

ker(7r' o vr) fl CxnH = {0} and mo{X) = uiq^X H) = deg tt' o 7r|xnH- 
Then 


(7) /i(Xni7ni7') + deg7r-l = mi(Xni7ni7') 

(8) /i(X n 77' n 77") + deg TT - 1 = mi(X n 77' n 77"). 

We have that mi(X) = mi(X n77 n77'). On the other hand, it follows 
from [T6l Lema 4.3] that 

/i(X n 77 n 77') + deg TT - 1 = • (tt' o tt) (X O 77 O 77'))o, 


where the notation (a ■ 7)o indicates the intersection multiplicity of a 
and b. Then mi(X fl 77 fl 77') = {A-^fon ■ (vr' o vr) (X 0 77 fl 77'))o implies 
that (vr' o 7r)(X fl 77 fl 77') is not limit of tangent hyperplanes to Att'ott- 
Then by Proposition |5.2| we have that 7r(X 077) is not limit of tangent 
hyperplanes to A.^-. It follows from Proposition 5.2 that 77 is not limit 
of tangent hyperplanes to X. ■ 


Example 4. Let X C be a 3-deterniinantal variety with isolated 
singularity defined by 


F : 


{x,y,z,w,v) ^ 


M 2 ,3 

fx y z \ 
\w V 


Let 77 and FI' be hyperplanes given by the kernels of p{x, p, z, w, v) = 
w — z and p'(x, p, z,w,v) = x — v. The surfaces X 0 77 and X O 77' are 
represented by the following matrices 


y 

V 


x"^ + p^ 


and 


X 

w 


y 

X 




respectively. 


It follows (see m) that p(X 0 77) = 4 and p(X O 77') = 2, and that 
/i(X 0 77') = 2 is the minimum Milnor number. 
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6. Sections of BIDS 


In this section, we show that when X is an BIDS of dimension d > 2 
it is possible to associate to X a determinantal surface Y whose Milnor 
number is an invariant of X. 


Proposition 6.1. [10] Let H and H' he hyperplanes in that are 
not limits of tangent hyperplanes to (X, 0). Then there exist planes Q 
and Q' in H and H' respectively such that the reduced curves |X fl Q| 
and |X n have the same Milnor number. 

The following result is a generalization of a result of Le D. T. 

Theorem 6.2. Let X^ C be an BIDS and let H, H' he strongly 
general hyperplanes to (X, 0) at the origin. Then H and H' contain P 
and P' respectively such that codim P = codim P' = d — 2, for which 
the determinantal surfaces X fl P and X fl P' satisfy the following 
conditions: 

a) X n P and X fl P' have isolated singularity. 

b) X n P and X fl P' admit smoothing. 

c) /i(XnP) =/i(XnP'). 


Proof: 

a) We can consider P = P fl ■ ■ ■ fl Pd _3 C H and P' = P' fl ■ ■ ■ fl 

H'd-s C H' such that, for all i, Hi and P' are strongly general for 
XflPflPifl- ■ -nPi-i and XnP'nPjn- ■ -nPjLi respectively. 
By proposition |4^ it follows that XflP C and XflP' C 

(^N-d +2 bids. As codimX < {m — t + 2){n — t + 2) — 2 
then X n P and X fl P' are determinantal surfaces with isolated 
singularity. 

b) Let X be an essential smoothing of X, such that P, x C and 
H' X C are strongly general hyperplanes for X fl (P x C) fl (Pi x 

C) n ■ ■ ■ n (Pi_i X c) and X n (P' x c) n (p( x c) n... (nP'_i x c) 
respectively. In fact, X fl P and X fl P', with P = P x C and 
P' = P' X C are the smoothings of XflP and XHP' respectively. 

c) The hyperplanes P and H' contain planes Q = P H P' and 
Q' = P' n P given in Proposition |6.1[ Then X n Q and X fl Q' 
are determinantal curves and by Proposition |6.1[ we have that: 

(9) /i(xnQ) = /i(xnQ')- 


Using Le-Greuel type formula. Proposition 


ITTFI 


/i(x n P) +/i(x n Q) = m 2 (xnp,p') 

/r(X n P') +/i(X n Q') = m2(XnP',p). 
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We can apply Proposition 5.3 to the variety X C C'^ x C, and 
to the hyperplanes Hi x C. By definition, m 2 {X fl P,p') = 
m 2 {X n P',p) = mo{P 2 {X)), and m 2 {X n P',p) = mo{P 2 lx)). 

Then m 2 {X r\P,p') = m 2 {X nP',p) = mo{P 2 {X)) and using 
Q we have the result. 


Example 5. Let F : — ?• M 2 3 be an analytic map, N ^ 7 defined 

by 

^Xi X2 X3 

,a;4 X 5 Xfi + g{y) 


F{x,y) = 


where x = {xi,X2, ■ ■ ■, Xe), y = (2/1,..., yN-e) and g : ® —>■ l: is an 

analytic function with 5f(0) = 0 . Then X = F~^{M^^) is a Cohen- 
Macaulay codimension 2 singularity in C^. Let P = {(x,i/)| Xi = 
X5, X2 = Xg, y = 0 }. Then X fl P is a determinantal surface in 
defined by 

'xi X 2 X 3 ' 

X4 X 2 ^ 

and p{X n P) = 1 (see |TT|). 
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